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Abstract-This paper considers general boundary-value problems (displacement, traction, mixed)
related to a transversely isotropic elastic half-space. The geometry of the problems considered is
axisymmetric but the load is asymmetric. A cylindrical coordinate system is employed in the analysis
and Fourier expansion and Hankel integral transforms are applied with respect to circumferential
and radial coordinates, respectively. The boundary-value problems are formulated in terms of a
system of non-singular integral equations for each Fourier harmonic. The kernels of the integral
equations are displacement and traction Green's functions corresponding to buried ring loads with
appropriate circumferential dependence. In general a total of 18 Green's functions are required for
each Fourier harmonic. Explicit solutions for Green's functions corresponding to an arbitrary
Fourier harmonic are presented in terms ofinfinite integrals ofLipschitz-Hankel type. The versatility
of the solution scheme is illustrated by solving a traction boundary-value problem corresponding
to a pressurized hemispherical cavity, displacement boundary-value problems related to an em­
bedded rigid cylindrical 'xxly and a non-linear mixed boundary-value problem corresponding to
an embedded rigid hemisphere with an elastic-perfectly plastic interface.

INTRODUCTION

Theoretical idealizations adopted to analyze a variety of problems encountered in geo­
mechanics, fibre-reinforced composites and in micro-mechanics defects in solids often
reduce to the solution ofa boundary-value problem involving a transversely isotropic semi­
infinite or an infinite elastic medium. The geometries relevant to many practical applica­
tions are axisymmetric but involve loading and boundary conditions which do not pre­
serve axial symmetry. Muki (1960) presented a complete general solution for asymmetric
deformations of an isotropic elastic solid by employing Hankel integral transforms and
Fourier expansion with respect to radial and circumferential coordinates, respectively.
Three-dimensional linear elasticity problems in transversely isotropic elastic materials
have been studied, among others, by Elliott (1948), Hu (1954), Eubanks and Sternberg
(1954), Stroh (1962), Lekhniiskii (1963), Chen (1966), Green and Zerna (1968), and Pan
and Chou (1976, 1979). These studies were restricted to the derivation of general solutions
for transversely isotropic media in terms of potential functions and the application of the
general solutions to derive fundamental solutions corresponding to point forces acting
in infinite and semi-infinite transversely isotropic media.

The majority of problems encountered in engineering applications of transversely
isotropic materials involve complicated boundary and loading conditions. Some common
examples are analysis of axisymmetric rigid inclusions embedded in transversely isotropic
media, load-transfer from an elastic bar into a transversely isotropic medium, axisymmetric
cavities subjected to arbitrary loading, and analytical model used to simulate in situ and non­
destructive testing methods. Asymmetric boundary-value problems related to a transversely
isotropic elastic half-space can be categorized as displacement, traction and mixed (dis­
placement and traction) boundary-value problems. A review ofexisting literature indicates
that a complete treatment of general boundary-value problems related to a three-dimen­
sional transversely isotropic medium has not appeared in the literature. A class of traction
boundary-value problems related to a two-dimensional orthotropic plane material was
considered by Vable and Sikarskie (1988).

The main objective of this article is to develop a solution scheme for the analysis of
displacement, traction and mixed boundary-value problems related to a transversely iso­
tropic elastic half-space. To facilitate the analysis it is assumed that the geometry of the
problem is axisymmetric. A cylindrical polar coordinate system together with Fourier
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expansion in the circumferential direction is used in the analysis. Since any arbitrary
displacement and traction boundary condition over an axisymmetric surface can be
expressed in terms of a Fourier expansion the analysis needs to be presented only for a
single arbitrary Fourier harmonic. The boundary-value problems are formulated in terms
of a system of non-singular integral equations by generalizing the indirect boundary in­
tegral equation approach proposed by Ohsaki (1973) to study the response of a rigid body
embedded in an isotropic elastic medium. The kernel functions of integral equations are
displacement and traction Green's functions corresponding to a set of circular ring loads
with appropriate circumferential dependence and acting in the interior of a transversely
isotropic elastic half-space. Due to the complexity of the Green's functions the associated
integral equations are solved numerically. It is noted that a total of 18 displacement and
traction Green's functions are required for each Fourier harmonic. These Green's functions
are derived explicitly by using Hankel integral transforms and expressed in terms of
Lipschitz-Hankel integrals involving the product of Bessel functions of the first kind.

The accuracy, convergence and stability of the solution scheme are verified through a
numerical study. The versatility of the solution scheme is demonstrated by analyzing a
traction boundary-value problem related to a pressurized hemispherical ca\'ity in a trans­
versely isotropic elastic half space, displacement boundary-value problems related to a
partially embedded rigid body and a non-linear mixed boundary-value problem related to
an embedded rigid hemisphere with an elastic-perfectly plastic interface.

GOVERNING EQUATIONS AND GENERAL SOLUTION

Consider a transversely isotropic elastic half-space, with a Cartesian coordinate system
(x,y, z) and a cylindrical polar coordinate system (r, e,.:) chosen such that the .:-axis is
normal to the stress-free surface and parallel to the material axis of symmetry. The mech­
anical response of a transversely isotropic elastic medium is governed by five elastic con­
stants Clio C12, C 13, C33 and C44 which relate stresses and strains referred to a rectangular
Cartesian coordinate system in the following manner (Lekhnitskii, 1963):

a.n = (Cll -CI2)8.n

a ...: = 2C448,.:

ax: = 2C44G.c·

(I a)

(I b)

( Ic)

(ld)

(Ie)

(If)

Alternatively, the stresses and strains referred to a cylindrical polar coordinate system are
related in the following manner:

a:: = CI38rr+CI38BB+C338::

arB = (Cll-CI2)8rH

(2a)

(2b)

(2c)

(2d)

(2e)

(2f)

It can be shown that (Green and Zerna, 1968), in the absence of body forces, the
displacement and stress fields in a transversely isotropic linear elastic material. subjected ~o

a state of asymmetric deformations about the axis of elastic symmetry, can be expressed In

terms of three potential functions (Mr, 8, z), i = 1,2,3 which are solutions of
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where

02 1 0 1 02
~2 __ + __ +__

- or2 r or r2 0(J2

and

z; = z/j;;, i = 1,2,3.

In eqns (4b), VI and V2 are the roots of the equation

and V3 is given by
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(3)

(4a)

(4b)

(5)

(6)

The roots VI and V2 may be real or complex conjugates depending on the elastic constants
CII, CIl> CI3' Cn and C44' Since the displacements and stresses must be real, the potential
functions ¢I and ¢2 are complex conjugate when VI and V2 are complex and in addition it

is necessary to specify that';;; and ,J;; always have positive real parts.
The displacement and stress components referred to a cylindrical polar coordinate

system are given by:

o 1 0¢3
u, = O,(¢I +¢2)+; 00

1 0 0¢3
u8 =;00(¢I+¢2)- or

o
u: = oz (k'¢1 +k2¢2)

and

(1rB 2 (1 0
2

1 0) 1 (2 0 2 0
2

0
2

)
C44 = V3 ; oroO- r2 00 (¢I+¢2)+ V3 ; or + r2 002 + od ¢3

(18: =!~ (AI';;;O¢I +A2,J;;0¢2)- _1_ 02¢3
C44 r 00 OZI OZ2 j;; or OZ3

(1,: = ~ (AI';;; O¢I +A2~ O¢2)+ _l_! 02¢3
C44 or OZI OZ2 j;; r 00 OZ3'

where

(7a)

(7b)

(7c)

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)
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;'i = (I +k,)/v" i = L 2.

(9a)

(9b)

In order to determine a general solution for potential functions ¢i(r, e, =). i = 1,2,3
governed by eqn (3) the following representation is used:

x

¢i(r, e, =) = L [¢im(r, =) cos me+<Pim(r, =) sin me], i = 1.2 (lOa)
m=O

x

¢3 (r, e, z) = L [¢3m(r, z) sin me - <P 3m(r. =) cos me].
m=O

(lOb)

Substitution of eqn (10) in eqn (3) and subsequent application of Hankel integral
transforms oforder m (Sneddon, 1951) in the radial direction together with the orthogonality
of trigonometric functions results in the following general solutions for Fourier harmonics
of the three potential functions:

In eqn (II), 1m denotes the Bessel function of the first kind of order m; ~ is the Hankel
transform parameter; and Aim(~) and Bim(~) are arbitrary functions to be determined by
using the given boundary conditions. Equations (7) and (8) together with eqns (10) and
(II) represent the complete general solutions for arbitrary asymmetric deformations of a
transversely isotropic elastic medium.

Note that in eqns (10), the first term produces deformations which are symmetric
about e= 0 and the second term yields deformations that are antisymmetric with respect
to e= O. In the ensuing analysis we assume that ePim == 0 and consider solutions represented
by only a single value of min eqn (10) without loss of generality. It is noted that solutions
corresponding to ePim can be obtained by making the replacements cPim --+ <Pim, cos me--+
sin me and sin me --+ -cos me.

GREEN'S FUNCTIONS

The derivation of displacement and traction Green's functions corresponding to cir­
cular ring loads acting in the interior of a transversely isotropic elastic half-space is con­
sidered in this section, These Green's functions appear as the kernel functions of the
boundary integral equation formulation. In the derivation of Green's functions. ring loads
acting in radial, circumferential and vertical directions are considered. The circumferential
distribution of the radial and vertical ring loads is of the form cos me and that of the
circumferential load is sin me. The explicit solution for the Green's functions can be derived
by defining a fictitious plane at the level of loading (z = z') and treating the internally­
loaded half-space as a two-domain problem (Chan et al., 1974). The general solutions
corresponding to each domain are given by eqns (7) and (8) together with eqn (II). In view
of the prescribed circumferential distribution of the three ring loads only a single Fourier
harmonic in eqn (10) need be considered. The Fourier harmonic of the displacements and
stresses in each domain is denoted by u~ (0( = r, e, =; j = 1,2) and (1~Pm (et, f3 = r, e, z;
j = 1,2), respectively. The superscript j denotes the domain number where domain" I" is
bounded by 0 ~ z ~ z' and domain "2" by z' ~ z < oc.

The boundary and continuity conditions corresponding to the three boundary-value
problems involving the internally-loaded elastic half-space can be expressed as :
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t1;:zm(r,O) = 0, 1% = r, e, z

u~(r,z')-u;"'(r,z') = 0, 1% = r,e,z

For the radial loading case,

F, = 15(r-s) = Loo esJm(es)Jm(er) de

F8 =F:=0
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(12)

(13)

(14)

(15a)

(15b)

where 15 ( ) and s denote Dirac's delta function and the radius of the circular ring load.
respectively.

For circumferential loading,

For vertical loading,

F,=F:=O

F8 = 15(r-s) = Loo esJm(es)Jm(er) de.

F, = F8 = 0

Fz = 15(r-s) = Loo esJm(es)Jm(er) de.

(16a)

(16b)

(17a)

(17b)

Substitution of general solutions for displacements and stresses in eqns (12)-(14)
together with eqns (15)-(17) yields a set of linear simultaneous equations to determine
arbitrary functions A~(e) and B~(e) [1%= 1,2,3; j= 1,2] corresponding to the two
domains. Note that A;",(e) == 0 to ensure the regularity of displacements and stresses at
infinity.

The explicit solutions for displacement Green's function G~'p(r, z; s, z') denoting the
Fourier harmonic of the displacement in the ex-direction (1% = r, e, z) at point (r, z) due to a
ring load in the p-direction (P = r, e, z) with circumferential variation cos me for p= r, =
and sin m(} for p= (} through the point (s, z') can be expressed in the following form :

6

G~(r,z; s,z') = ji. L d3Alj(m-l,m+ 1 ;O)-Ij(m+ l,m+ I; O)-Ij(m-l,m-l ;0)
j-I

8

+Ij(m+ l,m-l ; 0)] +ji2 L 4m2d3/1(m,m; -2)/s (18a)
j-7

6

G~(r,z;s,z') = -jil L 2md3AI1(m,m+ I; -1)-I1(m,m-l; -I)]
j-I

8

-ji2 L 2md3j[~(m+l,m;-I)-lj(m-l,m;-I)] (18b)
j-7

6

G~(r,z;s,z') = 2ji l k l k 2 L d2AIAm,m+ 1;O)-Ij(m,m-I ;0)]
j-I

$AS 21,14

(18c)
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6

G~Hr.=;s,=') = fi. L 2mdJj [lj(m-l,m; - I)-lj(m+ I,m; -I»)
j= I

8

+fi2 L 2mdJJflj(m,m+ I; -l)-lj(m,m-l: -I)] (l9a)
j= 7

6 ,

Go'iJ(r,z;s,z'):::::: -PI L4m2d3i1(m,m;-2)!s-fi2 L [lj(m+l,m+I;O)
j= I J='

-lj(m-l,m+ I ;O)-lj(m+ l.m-I ;O)+lj(m-I,m-l ;0)] (l9b)

6

G;'O(r,z; s, z') = 2i1tk]k2 L 2md2j~(m, m; -1) (lge)
j= •

6

G~~(r,z; s,z') = 2fi. L dlj[Ij{m-l, m; 0) -lj(m+ I,m; 0)] (20a)
j= I

6

G:J:(r,z;s,z') = -2fil L 2md1i1(m,m; -I) (20b)
j= I

6

G~(r,z;s,=') = 4fi. L vjd4lim,m;O). (20e)
j= I

where

dll == d21 = -d12 = -dn = Cl:; d13 :;;; dl~ :: -d23 :::::: -d24 = /12/13 (22a)

diS = -d2S k 2/k, = -2J.l2J;;/P4; d'6:::::: -d26kdk2 = -2p2P4,,/V2 (22b)

d3J :::::: k 2j;";; d31. = -k.j;;; dJ3 = J.l2J.t3k2J;; (23a)

d34 = Jl2/13k •.,J;;; dJS == -2J.t2k .;;;;;/P4 (23b)

d36 = -2P2/14k2;;;;;; d37 = d38 = 1 (23c)

('i; = 1 if z' ~ =
= -1 if;' < =

Vj =~ for j= 1,3,5..;;:
k2- for j :::::: 2,4,6.;;;

(25b)

(2Se)

(26a)
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12(m,n;p) =r' Jm(~r)Jn(~s)~Pe-el=2-='21 d~

13(m,n;p) = I~ Jm(~r)Jn(~s)~Pe-e(='+=")d~

14 (m, n ;p) = I~ Jm(~r)Jn(~s)~P e-e(=2+=',) de

Is(m, n ;p) = IX> Jm(er)Jn(es)e p e-e<=,+=',) de

16(m,n ;p) = I~ Jm(er)Jn(es)ep e-e(=2+=',) de

17 (m, n ;p) = I~ Jm(er)Jn(es)e p e-el=,-=',I de

18(m, n ;p) = I~ Jm(er)Jn(es)ep e-e(=J+=',) de

n(m,n;p) = Ij(m,n;p)/r, j= 1,2, ,8

lim,n;p) = Ij(m,n;p)/s, j = 1,2, ,8.
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(26b)

(26c)

(26d)

(26e)

(26f)

(26g)

(26h)

(27a)

(27b)

For the case where deformations are also axisymmetric (m = 0), ring loads are con­
sidered only in the r- and z-direction and the displacement in the O-direction is equal to
zero. The relevant displacement Green's functions are given by eqns (18) and (20) with
m = 0 and GeT = Ge=E O.

The traction Green's function H';p(r, z; s, z') denoting the Fourier harmonic of traction
in the a-direction (IX = r, 0, z) at a point (r, z) on a surface S with outward unit normal n due
to a ring load in the p-direction (P = r, 0, z) through the point (s, z') having circumferential
variation cos mO for P= rand z and sin mO for p= °can be expressed as :

H';p(r,z;s,z') = U~jm(r,z;s,z')nj' (28)

In eqn (28), summation is implied over indexj (j = r, 0, z) and uejm(r, z; s, z') denotes
the Fourier harmonic of the stress component u2 j(a, j = r, 0, z) at point (r, z) due to a ring
load in the p-direction (p = r, 0, z) through the point (s, z') and nj denotes the component
of unit normal n in thej-direction. The explicit solutions for uejm(r, z; s, z') are given below:

6

cTrTm(r,z ;s,z') = ill L d3j{I,(1 + m)[I1(m + I, m+ 1;0) -I1(m+ I,m-I; 0)]
j-I

+I,(l-m)[I1(m-l,m-1 ;0)-I1(m-l,m+ I ;0)]+2AAlj(m,m-l; I)-Ij(m,m+ I; I)]}
8

-ill L 2mII[(I+m)I1(m+l,m; -1)+(I-m)I1(m-l,m; -I)]/s (29a)
j-7

6

u'OOm(r,z;s,z') = ill L d3j{II(l +m)[I1(m+ I,m-I ;0)-I1(m+ I,m+ 1;0)]
j-I

+II(l-m)[I1(m-l,m+ I ;O)-I1(m-l,m-1 ;0)]

+2(I,-A)[I1(m,m+ I; 1)-I1(m,m-l; I)]}
8

+il2 L 2mI,[(l +m)I1(m+ I,m; -1)+(I-m)I1(m-l,m; -I)]/s (29b)
j-7
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6

a~:m(r,=;s,z') = 2ilt L (I +w)dJAlj(m,m+ I; I)-Ij(m,m-I; I)J
j= t

6

a~~m(r, =;s, z') = ill L dJj{It(I +m)[Ij(m+ I, m+ I; O)-If(m+ I, m- I ; 0)]
j= ,

(29c)

8

+It(l-m)[Ij(m-l,m+ 1;0) -Ij(m-l,m-I; O)]} +il2 L 2mdJ;[ -I,lj(m,m ;0)
j~ 7

-I,(I +m)Ij(m+ I,m; -1)+II(I-m)Ij(m-l,m; -I)]js (29d)

6

ao:m(r, z; S, z') = 2jil L mdsjpj[Ij(m, m-l ;0) - Ij(m, m+ I ;0)]
j~ ,

8

+ill L 2mdsj[lj(m+ l,m;O)-lj(m-l ;m;O)lIJll (2ge)
j= 7

6

a~rm(r,z;s,z') = ill L dsjpj[Ij(m-l,m+ I; l)-lj(m+ I,m+ 1; l)-lj(m-l,m-I; I)
j= I

8

+lj(m+ I,m-I; l)]+ill L 4m2dsjlj(m,m; -1)/sJlI (29f)
j= 7

6

a~rm(r,z; s, z') = ill L 2mdJAI,(I +m)Ij(m+ I,m, -I)/s-XI (I-m)Ij(m-l, m; -I)/s
j= I

8

-2A/~(m, m ;0)] + il2 L XI {(I +m)[Ij(m+ I,m-I; 0)
j= 7

-Ij(m+ I,m+ I ;O)]+(I-m)[Ij(m-l,m- I ;O)-Ij(m-I,m+ 1;O)]} (30a)

6

a::Om(r,z;s, z') = ill L 2mdJj [X,(I-m)Ij(m-l,m; -l)/s-XI(l +m)Ij(m+ I,m; -1)/s
j= 1

8

+2(X1 -Aj)lj(m,m ;0)] + il2 L Al {(I +m)[Ij(m+ l,m+ I; O)-lj(m+ I, m-I ;0)]
j- 7

+(I-m)[I1(m-l,m+ 1;0)-I1(m-l,m-1 ;O)]} (30b)

6

a~:m(r,z;s,z') = 2il, L 2mdJj (l+wj)lj(m,m;0)
j= I

(30e)

6

a~m(r,z;s,z') =ill L 2md3AX1(l+m)lj(m+l,m; -1)/s+X,(I-m)Ij(m-l,m; -1)/s]
j= I

8

+il2 L dJj{X I [Ij(m, m+ I; I)-lj(m,m- I; 1)]+1..(1 +m)[Ij(m+ I,m-I ;0)
j= 7

-Ij(m+ I, m+ I; 0)] +X,(l-m)[Ij(m-l,m+ I; O)-Ij(m-I, m-I; O)]} (30d)

6 8

a::m(r,z;s,z') = -ill L 4m2ds//j(m,m; -l)/s+ill L dSj[/j(m+ l,m+ I; I)
j= I j-7

+/lm- I,m-I; l)-lj(m+ I,m-I; I)-Ij(m-l,m+ I; l)]/JLI (30e)

6

a~rm(r,z;s,z') = ill L 2md5jAAl;·(m-l,m;0)-~(m+ 1,m;O)]
j= I

8

+ill L 2mdsj[!1(m,m+I;0)-Ij(m,m-l;O)]/Jl. (30f)
j=7
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6

a;,m(r,z;s,z') = 2jil L d,AI,(1 +m)lj(m+ l,m;O)-I\(1-m)lj(m-l,m;O)
js I

841

6

trOOm(r,z ;S,Z') = 2ji\ L d'j[2(I I -)_)lj(m, m; I) -II (1 +m)lj(m+ I, m; 0)
j= I

+I,(1-m)lj(m-l,m;O)] (3Ib)
6

~:m(r,z;s,z') = 4ji, L d\j(1+wj)lj(m,m; 1) (3Ic)
j= I

6

trrlJm(r,z;s,z') = 2ji, L d.AI\(1 +m)lj(m+ l,m;O)+I.(1-m)lj(m-l,m;O)] (3Id)
j= ,

6

~:m(r,z;s,z') = -4jil L md4j{3lj(m,m;0) (3Ie)
j-I

6

~,m(r,z;s,z') = 2jil L d4j{3Alj(m-l,m; I)-lj(m+ I,m; I)], (310
j= I

where

dSI = k 2a.j;";; dS2 = -k,a.j;";; d53 = -J1.2J1.3k2j;";; d S4 = -J1.2J1.3klj;"; (32a)

dss = 2J1.2k'~/J1.4; dS6 = 2J1.2J1.4k2~; dS7 = a., dS8 = -I (32b)

r CII-C'2
I-I =

C44
(33)

)_j = I 2; Wj = k.; {3j = I 4 for j = 1,3,5

A.j = I 3 ; Wj = k 2; {3j = Is for j = 2,4,6.

(34a)

(34b)

Note that the displacement and traction Green's functions corresponding to trans­
versely isotropic full space can be deduced directly from eqns (18)-(20) and (29)-(31)
through an appropriate limit procedure.

FORMULATION OF BOUNDARY-VALUE PROBLEMS

Consider a transversely isotropic elastic half-space where a volume V bounded by an
axisymmetric surface S is defined as shown in Fig. I. A cylindrical polar coordinate system
(r, lJ, z) is defined at the free surface level such that the z-axis coincides with the axis of
symmetry of V. If V is a rigid inclusion then displacements on S are prescribed and a
displacement boundary-value problem can be defined for the semi-infinite transversely
isotropic domain Vc exterior to V. If V is a cavity subjected to pressure then a traction
boundary-value problem can be defined for the domain Vc' A more general situation exists
when displacements are specified over a part of S denoted by S. (Fig. I) and tractions are
specified over the remainder of S denoted by S2' In this case a mixed boundary-value

r-----T----~-r

Fig. I. Geometry of boundary-value problem.
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problem can be defined for domain V,. Examples of the mixed problem are situations where
loss of contact exists over a portion of the contact surface of an inclusion in an elastic
medium or the case of an inclusion where yielding occurs along the contact surface when
tractions exceed prescribed limiting values.

In the ensuing analysis a detailed solution procedure for a traction boundary-value
problem is presented. The solutions for displacement and mixed boundary-value problems
can be developed by following similar procedures. Consider a situation where tractions are
prescribed on a surface S as given below:

(35)

In eqns (35), i = r, e, Z together with J,.m(e) = hm(e) = cos me and fom(e) = sin me;
Tim(r, z) denotes the prescribed value of traction on the generating curve of S.

An exact solution for domain V, subjected to the above boundary condition on an
arbitrary axisymmetric surface S is mathematically intractable. Alternatively. an indirect
approach which exactly satisfies the governing equations of Vc and boundary conditions
on S can be developed by considering a uniform (undisturbed) transversely isotropic elastic
half-space V· as shown in Fig. 2. An axisymmetric surface S which is identical to S in Fig.
I is defined in V·. Interior to S, another axisymmetric surface S' is defined. A set of forces
with intensity Bi(r,z)/;m(e) is applied on S' such that tractions on S are given byeqn (35).
Under these conditions the solution of domain V, exterior to S is identical to that of V of
the original problem. The force intensities Bi(r, z) are governed by the following Fredholm
integral equations of the first kind:

i H m( -' I "')B ( I "') 'dS' - T ( ,,)ij r,.:.,r,_ j r, ... r - Jim r, ... ,
S'

(r,Z)ES, (r', z') E S'. (36)

In eqn (36), indices i,j = r, e, Z and summation is implied on j. In addition,
H;'j(r, z; r' , z') denotes the traction Green's function defined by eqns (28)-(31) and S' refers
to the generating curve of surface S'.

The unknown Fourier component of displacement on S, denoted by u;m(r, z), can be
expressed as

iGm( .' -')B ( , .,,') 'dS' - (-)ij r, Z , r ,... j r , _ r - Uim r, ....
S'

(37)

In view ofthe complexity of the Green's functions HV, eqns (36) are solved numerically.
A discrete version of eqn (36) with respect to M and M' nodal points on Sand St,
respectively, can be expressed as:

where

[Q]{B} = {R},

[Q] = [H]

Fig. 2. Equivalent domain considered in the formulation.

(38)

(39)
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[

[HTf] [H,o] [H,:]]
[H] = [Ho,] [Hoo] [Ho:]

[H:,] [H:o] [H::] 3Mx HI'

[Hpq ] = [H~(r,z;r',z')r' ilS'], p,q = r,e,Z

{B} = «B,(r',z') (Bo(r',z') (B:(r',z')/

{R} = «f,m(r',z') (fOm(r',z') (f:m(r',Z'))T.

843

(40a)

(40b)

(41 )

(42)

In eqn (40), [Hpq ] is a matrix whose elements are tractions in the p-direction of the
nodes on S (unit normal as shown in Fig. 2) due to ring loads in the q-direction through
node points on S'; ilS' is the tributary length corresponding to a node point on S';
(B;(r', z') is a row vector whose elements are intensities of forces in the i-direction of the
node point on S' and the superscript "T" denotes the transpose of a matrix.

A least-squares solution of eqn (38) yields

(43)

Once {B} is determined from eqn (43), the Fourier harmonic of displacements on S
(which are identical to displacements of S) can be computed by numerical integration of
eqn (37).

In the case of a displacement boundary value problem, Fourier harmonic components
of displacements on S(S) are prescribed. The force intensities B;(r, z) are governed by the
following Fredholm integral equation of the first kind:

rGV(r, =; r', z')Bk', z')r' dS' = u;m(r, z),Js. (44)

where uim(r, z) denotes a prescribed displacement component on the generating curve of S.
A solution for {B} is given by eqn (43) with

where

[Q] = [G] (45)

(46a)

and

[Gpq] = [G;:'(r,z;r',z')r' ilS']MxM' p,q = r,e,z (46b)

(47)

The solution for traction components T;m(r, z) is given by the following integral equa­
tion:

T;m(r,z) = r HV(r,z;r',z')Bj(r',z')r' dS'.Js' (48)

In the case of mixed boundary-value problems tractions are prescribed over the part
S. of S (Fig. I) and displacements are prescribed over the remaining part S2[SU S, +S2]'
Considering the system shown in Fig. 2, the force intensities Bi(r', z') on S' are governed
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by the following dual integral equation system:

r H"'( ~. ' -')B (' ')' d5' T- ( )J\» ii r....... r ,..; jr,: r = Im. r.,: ..

[ G;j(r,=; r', z')Bk', ::')r' dS' = (Ii",(r, :),
..,s·

(49a)

(49b)

A solution of eqn (49) to determine {B} can be expressed in the form of eqn (43) by
discretizing S, and 52 by using M 1 and M 2 node points, respectively. The matrix [Q] in
eqn (43) corresponding to the present case can be expressed as:

[
[B]]

[Q] = [GJ (50)

where [B] and [G] are traction and displacement Green's function matrices defined byeqns
(40) and (46), respectively. Note that the orders of [B] and fG] are 3M, x 3M' and
3M2 x 3M', respectively. Once {B} is known, the unknown displacement on 5, and the
unknown tractions on 52 can be determined from eqns (44) and (48), respectively.

It should be mentioned here that the above boundary~value problems can also be
analyzed by using the integral representation theorems (Rizzo, 1967; Eringen and Suhubi,
1975). The kernel functions of the resulting integral equations are again the displacement
and traction Green's functions, given by eqns (18)-(20) and (28)-(31).

NUMERICAL RESULTS AND DISCUSSION

The numerical convergence, stability and accuracy of the solution scheme have been
investigated with respect to two bench-mark problems for which solutions have been
reported in the literature. The first problem is the completely axisymmetric traction bound­
ary-value problem related to a spherical cavity of radius "a" in an isotropic infinite space
which is subjected to a unifonn radial pressure Po. An exact analytical solution for this
problem is available (Saada, 1974). The material isotropy is simulated by setting material
constants C I' = 3.0, C 12 = 1.0, C33 = 3.0, C 13 = 1.0 and C44 = 0.99997. This corresponds to
an isotropic material with shear modulus and Poisson's ratio equal to 1.0 and 0.25, respec­
tively. Table 1 presents a comparison of displacement nonnal to the cavity wall denoted by
,1., for different location of inner surface S' (considered as a sphere ofradius r*) and different
numbers of node points M and M'. The solutions obtained from the present scheme show
good convergence and stable behaviour with increasing M and M' and are in very close
agreement with the analytical solution. The second problem used in comparison is the
asymmetric displacement boundary-value problem related to a rigid cylinder of radius "a"

Table l. Variation of normal displacement of cavity
wall for different location ofS' and discretizations of

Sand S'

(M',M) ,*/a =0.75 ,*/(/ =0.85

(5, 10) 0.2120 {I.I441
(6, 12) 0.2287 0.1718
(8,12) 0.2438 0.2184
(8,16) 0.2455 0.2241
(8.18) 0.2459 0.2293

(10.20) 0.2490 0.2319
(15,30) 0.2499 0.2482
(20,40) 0.2500 0.2497

Analytical 0.2500
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h

rigid cylinder

z

Fig. 3. Geometry of rigid cylinder embedded in a half-space.

and height "h" partially embedded in an isotropic elastic half-space (Fig. 3). The force­
displacement relationship of the cylinder can be expressed in the form:

(51 )

In eqn (51), Kh , Km and Khm (= Kmh ) denote the non-dimensional horizontal, rocking
and coupled stiffnesses of the rigid cylinder ; ~x and tPy denote the horizontal displacement
(x-direction) of the bottom and rotation about the y-axis of the cylinder, respectively; Fo
and M odenote the resultant force in the x-direction and the bending moment about the y­
axis with respect to the point A shown in Fig. 3, respectively.

Apsel and Luco (1987) presented solutions for rigid cylinders with various h/a ratios
embedded in an isotropic elastic half-space (Poisson's ratio equal to 0.25) by numerically
solving an integral equation scheme based on integral representation theorems (Eringen
and Suhubi, 1975). Table 2 presents solutions for Kh , Km and Khm of a rigid cylinder with
h/a = 1 for two location of surface S' [considered as a cylinder of radius ,* and height
(h - ,*)] and for four different discretizations ofSand S'. The convergence and the stability
of the solution are clearly evident. Table 2 also presents a comparison with the solution
presented by Apsel and Luco (1987). The above comparison confirms the accuracy, con­
vergence and stability of numerical solutions obtained from the present analysis. In the
ensuing sections, the versatility of the solution scheme is illustrated by solving traction,
displacement and mixed boundary-value problems related to a transversely isotropic elastic
half-space for which analytical solutions cannot be derived. The material properties (Chen.
1966; Payton, 1983) corresponding to transversely isotropic materials considered in this
study are presented in Table 3, where cij = cij/c~ and c~: = 0.317 x 107 kN m- 2.

Table 2. Convergence of cylinder stiffnesses for various discretizations and locations
of surface S'

r· = 0.9 r· =0.85

(M,M') Kh K"", = K"", Km Kh Kmh = K,un Km

(16,8) 9.46 -2.87 13.48 9.49 -2.83 13.59
(24, 12) 9.51 -2.79 13.80 9.48 -2.81 13.75
(28, 14) 9.52 -2.78 13.88 9.51 -2.77 13.85
(32,20) 9.52 -2.75 13.93 9.51 -2.77 13.92

Apsel and Luco (1987) 9.52 -2.75 13.94

Table 3. Material constants of some transversely isotropic elastic media

CII CIZ - CIJ C33 C44

Ice (275 K) 4.26 2.05 1.64 4.57 1.00
Cadmium 34.70 12.74 12.08 14.80 4.92
Magnesium 18.83 8.27 6.85 19.46 5.17
Clay I 0.147 0.053 0.037 0.103 0.031
Clay II 0.146 0.051 0.028 0.08 0.031
Isotropic· 3.0 1.0 1.0 3.0 0.99997

• Isotropic: v = 0.25, Jl = 1.00.

SIS 21IU
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Fig. 4. Displacement profiles along hemispherical cavity surface.

."./2

Hemispherical cat'ity in transversely isotropic half-space
The traction boundary-value problem corresponding to a hemispherical cavity of

radius "a" at the surface level of an elastic half-space is considered. The cavity is subjected
to uniform normal pressure qo. Figure 4 show the variation of the non-dimensional cavity
wall. The material types considered are ice, clay, magnesium and cadmium. The solution
presented in Fig. 4 corresponds to a surface S' of radius 0.75a, and 20 and 40 node points
on S' and S, respectively. A comparison ofmaterial constants presented in Table 3 indicates
that among the materials considered in the present study ice and clay are softer than
cadmium and magnesium. This observation is directly reflected in Fig. 4 where it is noted
that displacements of a cavity in ice and clays are larger. The displacements of the clay
cavity are the largest and plotted in Fig. 4 by using a scale factor of 10- 2. A comparison
of displacement profiles corresponding to cadmium and magnesium shows interesting
behaviour. The radial displacement ofmagnesium is larger than that ofcadmium ; however,
the opposite is true for vertical displacements. It is noted from Table 3 and eqns (I) and
(2) that cadmium has a greater stiffness in the rO (xy) plane when compared to magnesium
whereas the opposite is true for stiffness in the =-direction. This explains the behaviour of
displacements noted in Fig. 4. The general variation of displacements along the cavity wall
is roughly the same for all four materials although the actual magnitudes are considerably
different. It is also evident that the degree of anisotropy of the material has a significant
influence on the response. It should be mentioned here that the present scheme can analyze
a cavity of any arbitrary axisymmetric geometry subjected to an arbitrary variation of
pressure over the cavity surface. The Green's functions required in the analysis of a general
case are given by eqns (18)-(20) and (28)-(31).

Rigid cylinder bonded to transt'ersely isotropic half-space
The asymmetric displacement boundary-value problem related to a rigid cylinder

bonded to a transversely isotropic elastic half-space is considered (Fig. 3). The problem
under consideration has useful applications in geomechanics and in the analysis and design
of mechanical components. The quantity of primary interest is the global stiffness of the
cylinder-half-space system. Tables 3, 4 and 5 present non-dimensional axial (K), horizontal
(Kh ), rocking (Km ) and coupled (Kmh = Khm ) stiffnesses of a rigid cylinder bonded to ice,
two types of clay and an isotropic medium. Note that K, = Po/(c~:a~J, where ~; is the
displacement of the cylinder in the z-direction and Po is the axial force. The stiffnesses Kh ,

Km , Khm are defined by eqn (51) with C44 = c~:. Solutions are presented for rigid cylinders
with h/a = 0.5, 1.0, 2.0 and 4.0. As expected, all components' stiffnesses increase con­
siderably with increasing values of the ratio h/a for all types of material. The stiffness values
corresponding to the two clays are very close which indicates that the differences in C13 and
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Table 4. Axial and horizontal stiffness of a riiid cylinder embedded in transversely isotropic elastic
half-space

K,_ K"

h/a Ice Clay I Clay II Isotropic Ice Clay I Clay II Isotropic

0.5 9.30 0.24 0.21 7.10 8.59 0.31 0.32 7.50
1.0 10.27 0.28 0.25 8.35 10.93 0.40 0.40 9.52
2.0 12.28 0.34 0.31 10.32 14.80 0.56 0.56 12.87
4.0 16.16 0.46 0.43 13.92 21.20 0.70 0.71 17.50

Table 5. Rocking and coupled stiffness ofa rigid cylinder embedded in transversely isotropic half-space

Km -Kmh = -Khm

hla Ice Clay I Clay II Isotropic Ice Clay I Clay II Isotropic

0.5 9.37 0.25 0.24 7.65 0.93 0.04 0.Q3 0.73
1.0 16.40 0.51 0.49 13.93 3.31 0.12 0.12 2.75
2.0 42.08 1.45 1.43 36.37 10.59 0.39 0.39 9.06
4.0 160.28 5.53 5.56 131.04 33.65 1.37 1.37 25.76

en observed in Table 3 do not have a significant influence on the stiffness. A comparison
of solutions corresponding to ice and the isotropic material indicates clearly the influence
of the degree of anisotropy on the stiffness.

Rigid hemisphere with an elastic-perfectly plastic interface
The non-linear mixed boundary-value problem related to a rigid hemisphere of radius

"a" embedded in a transversely isotropic elastic half-space with an elastic-perfectly plastic
interface is considered. In the absence of relevant experimental data we have simulated only
the axisymmetric twisting problem where yielding (slipping) occurs only in the O-direction
when contact traction reaches a limiting value. The limiting traction value in the O-direction,
denoted by "rep is set to 0.01 C44' In reality the critical value of traction beyond which
slipping occurs along the interface should be determined experimentally and depends on
several factors such as the surface texture of the interface, the type of bonding, the defor­
mability characteristics of the materials in contact, etc. The torque (To) and twist angle
(roo) relationship is linear until the contract traction in the O-direction at a point at the
interface reaches the limiting value. A displacement boundary-value problem can be defined
for domain Vc (Fig. 5) during the linear region. Let roy denote the twist angle (in radians)
at the initiation of yielding. For any roo > roy, a mixed boundary-value problem can be
defined for Vc ; the traction specified over the part where the critical value has been reached
and the displacement specified over the remainder. Note that slipping will occur along the

~TO.I&IOOK'o v vc:

• -ploltic
~

r

1.0

0.90

0.95

r*

0.004 0.006 0008
Rotation • w:

Fig. 5. Torque-twist relationship after initiation of interface yielding.
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0.006

o

0.008,..----:-----------,
-----Codmium
--Cloy
---Isotropic

0.002

1).* 0.004

11'/4

¢
Fig. 6. Slip along the interface after initiation of interface yielding.

portion of the interface where the limiting traction has reached. It can be shown that the
torque 1';. corresponding to a completely yielded interface is equal to 0.005n2c.;.;a 3 for
rOy = 0.01 C44' The response of the hemisphere forwo > WI' can be studied by an incremental
analysis. In the present study the surface S' was taken as a hemisphere of radius 0.8a and
M = 20 and M' = 10. The incremental analysis was performed by using increments of
rotation equal to 0.05wy for Wo > w,..

Figure 5 shows the torque-twist relationship after the initiation of interface yielding
for a rigid hemisphere embedded in an isotropic material, ice, clay and cadmium (Table 3).
The point of intersection of the torque-twist curve with the horizontal axis corresponds to
the twist angle wI' at the initiation ofinterface yielding. The normalized torque T* = To/Ty,
where To is the torque acting on the hemisphere and wt = WOC44/rov' The non-linear behav­
iour of the torque-twist relationship is evident from Fig. 5. The present analysis can be also
used to compute the amount of slip between the rigid hemisphere and surrounding half­
space at points along the interface which have reached the limiting traction. The non­
dimensional slip at a point (r. =) on the interface is denoted by ~* and defined by
~"'(r, z) == [rwo- v(r, Z)]c44/(ar~.. ). where v(r, z) is the displacement in B-direction of the half­
space. Note that for Wo < w.., no slip takes place at the interface and ~ ... == 0 for all points
on the interface. Figure 6 shows the variation of~'" with the angle tP (Fig. 5) for normalized
rotation 6)0::: wo/w,.. Yielding is initiated at the free surface level (tP = n/2) and gradually
progresses downward as Wo is increased. Nearly one-halfofthe interface yields at 6)0 ::: 1.30
for all types of materials. Note that in the present problem, the analytical solution results
in zero traction in the e-direction as tP -l> O. This implies, theoretically, the yielding of the
bottom (tP = 0) occurs when 6)0 -l> 00. This behaviour is reflected in both Figs 5 and 6.
This example demonstrates the effectiveness of the present scheme in analysing a mixed
boundary-value problem related to a rigid inclusion. The analysis can be modified without
any fundamental difficulty to simulate an interface with Coulomb friction.

It can be concluded that an accurate boundary integral formulation has been presented
to analyze a general (displacement, traction and mixed) boundary-value problem related
to a transversely isotropic elastic medium. The Green's functions required in the analysis
are presented explicitly. The numerical examples demonstrate the accuracy, flexibility and
versatility of the solution scheme in analyzing a variety of problems. The traction­
displacement relationship given by eqns (44)-(48) can be coupled to a finite element
representation of the near field domain V to develop a hybrid scheme (Zienkiewicz et al.,
1977 ; Rajapakse and Shah, 1988) which can be used to model a variety of linear and non­
linear problems related to transversely isotropic elastic media. The present methodology
can be used to solve general boundary-value problems related to a multilayered transversely
isotropic elastic medium without any fundamental difficulty. In the case of layered media,
however, the Green's functions cannot be derived explicitly and have to be constructed by
using accurate numerical techniques. Research in these directions is currently in progress
for both static and dynamic problems.
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